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At the present time a number of papers has been already devoted to the
dynamics of two-phase media. One may mention the papers by Frenkel’
[1], Rakhmatulin [ 21, Biot [3,4 1, zZwikker and Kosten [5 ], and
others. However, the basic problem of the setting up of the equations
of motion in two-phase media still cannot be considered solved and
requires additional study and experimental verification.

This paper is concerned with the study of the simplest case of
motion, which is the propagation of elastic waves in a homogeneous
isotropic medium consisting of a solid and a fluid phase. The problems
of the reflection of plane waves and surface waves at the free bound-
ary of the half-space are solved. It is shown that the stress-strain
relations established by Frenkel’ are equivalent to the analogous
relations proposed by Biot and that the equations of motion of the
latter are more general.

1. Basic equations. The interpenetrating motion of the solid and
fluid phases will be analysed as a motion of the fluid in a deforming

porous medium, We shall assume that the dimensions of the pores are small

as compared to the distance in which the kinematic and dynamic character-

istics of motion change substantially. This allows us to assume both
media to be continuous, and thus we shall have at every point of the
space two displacement vectors: the displacement vector u of the solid
phase (the skeleton of the porous medium) and the displacement vector v
of the fluid. As it was shown by Frenkel’ [ 1], the total stress tensor
in the skeleton (taking into account the pressure of the fluid in the
pores) can be written in the form

Py = L6y + 2Guy + Ry (1 —m — I{_i_) Pix (1.1)
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where L, G, and K are respectively the Lamé coefficients and the bulk
modulus of the porous skeleton with empty pores, K, is the actual bulk
modulus of the solid phase, R, is the bulk modulus of the fluid, m is

the porosity, u, . 1s the strain tensor of the skeleton, 6 1is the relative

volume change (dilatation) of the skeleton, ¢ is the relative change of
the actual density of the fluid, Bik 1s the Kronecker delta, which 1s
equal to unity when i = k and equal to zero when i # k.

The change of the porosity can be expressed according to [ 1] by the
formula

Am:a(ﬂ—%—cp) {1.2)

The constant coefficient a is some additional parameter which charac-
terizes the elastic properties of the porous medium (when the porosity is
constant a = 0),

A small change of pressure in the liquid is related to a small change
of density by the equation

Ap=—Ryp (1.3)

The continuity equation expressing the law of conservation of mass has
the form

lij . A
o (mg) + div (mp 5)=0 (1.4)
By linearizing and expressing it in finite differences we obtain

mAp + pAm + mie =0 e=divy (1.5}

where ¢ is the relative change of the volume (dilatation) of the fluid.
By taking into account (1.2) we find

a A 1
90:3(771._0—{—8)’ p:1-{~a,1f0/mK0 (16)
When (1.6) is substituted into (1.1) and (1.3) they become
Py = M08y, + 2paiy + Qedi, o=—mAp=0Q'0 -+ Re (1.7)

where o represents the force acting upon the fluid per unit cross section
of the porous medium, and the other symbols are
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a K
Q=p(1—m—— )Ry Q' =faR, R=pfmh (1.8)
The work of the forces acting upon an element of the solid and fluid
phase is

d’A = Pg;, du;k + ods = }\Bdg + 2§xui;,3 dui;g -+ Qﬁdﬁ + Q*Gde —f'- Rede

For the existence of potential energy this expression should be a
total differential, and consequently the relation @ = Q" holds and thus,
when (1.8) is utilized, we obtain

K

Equation (1.7) coincides with the stress-strain relations established
by Biot [3 1. If the shear in the skeleton is neglected the stress tensor
P, will contain only diagonal terms, i.e. P;, = — p,8;,, where p, 1is the
pressure force on the skeleton per unit cross-sectional area of the
porous medium. Equations (1.7) then become:

—p1=(7k+-§—y.)9—§—08, — mAp= Q8+ Re (1.10)
Let Ry« K<« K, (this can happen in the case when the pores are filled
with a gas). In accordance with (1.8) and (1.2) we obtain for this case
 p2p=K, R=mR, Q=(1—mRy,Am=(1—m)b (1.11)
We introduce the quantity
Pg = mp — MoPo (1.12)

Here m; and p, are the equilibrium values of the porosity and the
pressure of the fluid (gas). Using the equation

dpy _ dp om

o TMa thoyr
and taking into account (1,10) and (1.11) we obtain (1.13)
g 06 1—m 8ps Opy de i
—w=Kg——a o =mBgtU—m(Be— Py

which coincides with the equations of Zwikker and Kosten [51].

Let us now obtain the equations of motion, at first neglecting the
viscosity of the fluid.

The force acting on the skeleton {per unit volume of the porous medium)
is equal to the time derivative of the total momentum of the skeleton (in
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this volume). The latter consists of the momentum of the skeleton with
absclutely empty pores and the additional momentum arising due to the
relative motion of the phases of the medium, i.e.

a 17 a
plm +Pm(£ 75) Puaz+ﬂmaf (1.14)
Thus we have
9%u, 3% ap,,
pu—m T PG = Bz, (1.15)

Analogously we find the total momentum of the fluid
3 i d dv .
fo=pagr +pu( G — o) = Pro g = Prge (1.16,

and obtain the second equation of motion

%, o
A A (1.17)

The coefficient p,, shall be called, according to[4], the coefficient
of dynamic coupling of the skeleton with the fluid, p, and p, are the
masses of the solid and fluid phases per unit volume of the medium, p,,
and p,, can be regarded as some "effective masses" of these phases:

f1r = P17 D1y P2o = Lo 2 (1.18)
Since during the motion of a solid body in a fluid its "effective

mass" is larger than its actual mass (pu > Pl)’ the coefficient p,, has
to be negative.

In order to take into account the viscosity in equations (1.15) and
(1.17), one has to add a term that is proportional to the difference
between the velocities of the two phases:

ou; %, ou;  dy ary,
P75 tPagm +0 ('*—'— g ) =
at ot ot at ) rlck (1‘19)
62 02 v; Su, [‘)p
Pre 55 at2 + pae e ‘b (at — &3) ey

The constant b can be determined from the condition of satisfying the
Darcy law for the particular case of stationary flow of the fluid. Thus
we find

p = B2 (1.20)
k
where p is the coefficient of viscosity and k is the coefficient of
permeability, which is proportional to the porosity and the square of
the pore diameters:
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k = const ma* (1.21)

If the coefficient of dynamic coupling p;, is neglected in (1.19), we
obtain the equations of motion introduced by Frenkel’ [1]. In the case
of harmonic waves of frequency w (where the displacement vectors depend

on time as e~ '®!, equations (1.19) can also be written in the following
f
orm (1.22)
0%u; P, O, Ou; ) %, ap Au; v,
b1 5p = oz, +S<—W—W : Pzwz“‘mm+s<7—a—:)
where .
s =b—iwpy (1.23)
If the shear in the skeleton is neglected, 1i.e.
Pix = — py8i = — (1— m)psdix
(P, is the actual pressure in the skeleton), we obtain from (1.22) (1.24)
ou; 1 6P, av, Ou; %, _ 1 ap Ou,; A,
S p, 0z 12(77—'W>’ i “—_p_?};_*—l{zl(W—W)

Here p  and p are the actual densities of the solid and fluid phases:

p s
ps = 1__1mv p= ‘:72‘1. ’ K12 =_PST, K21 = T); (1'25)

Equations (1.24) coincide with the equations of motion introduced by
Rakhmatulin [2 ] for multi-phase liquid or gaseous media.

Let us decompose the displacement vectors into irrotational and sole-
noidal components

u=u; + uy, l'Otlll =0, diVllz =0
(1.26)

v=v; + v, rotv; = 0, dive, =0

Equations (1.19), together with (1.7), (1.9), and (1.26) reduce to the
following system:

o%u 0% a
o + P + b (i — ) = (A + 24) V2u, + QVPy,
0%u 0% ) ~
o125 + Pzz*g,Tl + b 5 (0 —w) = @V, + RV (1.27y
Ou, 9%, ) 2
SV + Pr2 g + bﬁ(ut—”l) = uVau,

ot P .8
f2 5 tPegam tbgr (i—u) =0
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In the case of monochromatic waves of frequency w, the first two equa-
tions of (1.27) with the aid of the linear transformation

up=1uy+ Uy, v = My, -+ Mou, (1.28)
and after the introduction of the following notation
T -—%x T2 = %2‘, Yoz == %: p=1pu +pas+ 2py2
A2 R {1.29y
o1y = -LP ) 012’—"‘%: Sog == H=r+20+ R+ 20
%= A7
reduce to ’
Vi, + &y =0, Vi, -+ kup = (1.30)
where
2 2
k=2 ('32‘) ) ko? = z, (’%J") (1.31)
z, and 2, are roots of the quadratic equation
(611022 — 012%) 22 — (011722 + G211 — 2012712) 2 -+
ib
+ e — o’ — - (G —1) =0 (1.32)

and the coefficients of the transformation (1,28) are determined from the
formulas

_ = Tie -+ Hio + iy _ — T1g + 22013 + I7 __;___.b_ 1.33
M, = Ta2 — #3092 + i1 M, Yoz — Za%sz + i T pw (1.33)

Equations (1.30) describe the propagation of longitudinal waves of
type I and II.

If the coupling between the solid and the fluid phases of the medium
is weak

T12=0, o3=0, 7=0,

then we find from (1,32)
2y = 1L, z, = 12 (1.34)
11 Saa
and in addition to that the velocities of the I and II longitudinal waves
are obviously equal to the wave velocities propagating separately in con-
tinuous elastic and continuous fluid media. According to (1.33) we have
in this case

M, =0, M, = oo (1.35)

Let us find the approximate values of the roots of equation (1.32) with
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the condition y >> 1, which corresponds to the case of low frequency or
high viscosity

{ P 2
2 =1— — (011932 — 015 — 031722 — %211 -+ 2012712+ T11T2a— T120)
i

B=is—T— (1.36)
As can be easily verified, the damping coefficients of the wave (being
the imaginary parts of k, and k,) will be here proportional to the square
of the frequency for the I longitudinal wave and to the square root of
the frequency for the II longitudinal wave. Thus for a very low frequency
the I longitudinal wave experiences a negligible damping, while the II
longitudinal wave practically disappears because of the large damping.

The second two equations of (1.27), which describe the propagation of
the transverse wave, reduce to

vy = Mu, v+ kuy =0 (1.37)
where .
M, = —Xatir B == M (1.38)
Yoz + Y P

With a low frequency the damping coefficient is here also proportional
to the square of the frequency just as in the case of the I longitudinal
wave,

The existence of three types of waves in porous media and also their
damping characteristics were established in the papers[1] and [4]. If
y << 1, one can neglect the effect of viscosity. It is necessary here,
however, to keep in mind the fact that o should remain smaller than the
frequency at which the wave length is comparable to the dimensions of the
pores.

2. Reflection of plane waves at the free bomdary of the
half-space. The boundary conditions at the free surface of the medium
will be

P, =0, b, =0, =10 2.1)
or on the basis of (1,7)
A+ 2uuyy, + Qe =0
Uxy =0 (2.2)
Q94 Re=0

After introducing the potentials of the longitudinal and transverse
waves and taking into account (1.26), (1.28) and (1.37), we can write the
expressions for the total displacement vectors of the skeleton and the



1600 L.Ia. Kosachevsktii

fluid
u = grade, + grade, + rot'¥, v = M, grade, -+ M, grade, + M rot'¥ (2.3)

after which the boundary conditions reduce to

2 ’ 62 19
O T 0 Q) et 2058+ 4 ) 0

B, | Pey\ | BV O
——— = 1
(018J + ax()‘y) + w5 =0 (2.4)

(@ + RM,) V¢, + (Q + RM,) Vigy = 0

We shall study the case of the incidence of a I longitudinal wave on
the boundary. The three boundary conditions can be satisfied only be
allowing the incident wave to create a system of three reflected waves
at the boundary: two longitudinal waves and a transverse wave. Thus the
complete sonic field in the medium will be (see Fig.)

@y == Aeihs (xsin by e0s 6 ‘f‘“ AYV giky {2 810 0,5 €o8 9)

s - AI/V’ piky (X 8in 8;—y o8 0,) (2 5)
‘[: 41V!€u‘[ (x sin0; —y cos0; )

where ¥,, W, and W, are unknown reflection coefficients (the multiplier

e~ twt 1s omltted for brevityl,

After substituting (2.5) into (2.4), and solving the resulting system
of linear equations we find
(2.6)

Fy— LypFy —  (8in 26; -~ L;sin 26,) tg 20 2
- e ,} i =2 g. : W?:—<-k—1> Ly (1 + W)
Fl—Lsz-;«p.(sm/_{}l—ngsm&Bg) tgégt y ko

?Vl T e

I’Vt = —1__ (-—%‘—«)2 [Sin 261 —+‘ ng sin 292 — Wl (Sin 291 -—L12 Sin 262)]
t

cos zet

The notation used here is as follows

Fy=K,—2usin®,, F,= K,— 2usin?,, 0+ RM, .
=N+2u+QM,, K,=2xr-+2u+ QM,, 2T Qo+ RrRM, (&Y

At low frequencies the reflection coefficient W, will be proportional
to @ according to (1.36) and (1.31). Thus, to the flI‘St approximation it
can be assumed that only the I longitudinal and the transverse wave are
reflected from the boundary.

In the case of an incidence of the wave normal to the boundary
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Wy = —1, W,=0,  W;=0 (2.8)

i.e. only the I longitudinal wave will be reflected.

When we let the porosity approach zero and then assume that relation
(1.35) holds as well as the equalities
in @
}x 2 = % el C2 _El_ =.i‘_=sil._.i_
+ 2 = pser®s po=psci, i
where ¢, and ¢, are the velocities of the longitudinal and transverse
waves, we obtain the well known reflection coefficients for a continuous

isotropic elastic medium [ 6]:

c,c0s 0,1g%20, —c108 0,
T 080, 1g22 §,+4-cyc08 0,

W2=O

t

(2.9)

c;sin2 6y 2¢,c08 0,
c1c082 9, c,cos 0:tg22 9; + cycos O,

W, =

Assume that a II longitudinal wave is incident upon the boundary.
Similarly to the above we find

Wy=—1 (ZPA+Wy

Fy— LypFa+p (sin20; 4 L1a5in20,) $g26,

W2 = F1 — leFz 4@ (sinZQl;—Lm sinZOa) tg20t (2'10)
1 ks \2 .. . . .
W= Tratos28, (T) [sin28; + L,,sin20, - W, (sin28, — L,,8in26,)]
For the case of a transverse wave incident upon the boundary we have
2.1
/ ky\? psin2, _ k. \2 psin28,
le"‘“ (‘g} m(i*—wt), W2=L12(—k;> m(i——Wﬂ

W_ F] _— L]gps'—-p' (sinZQI—ngsinZGQ) tg29t
T TR T LpFatp (5in20; — Lypsini0;) tg20,
In the limiting case of a vanishing porosity we obtain from (2.11)

2¢,0080,1226,
" ¢,cos0:tg2%0, + cyc080,

00801t @220, — 10050,
¢, 080:tg%0, + ¢1(080,

Wl’“—“ WZC'—‘O’ Wt:

(2.12)

which coincides with the well known expressions for the reflection coeffi-
cients in continuous elastic media [61].

At the conclusion of this section let us mention the case of complete
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internal reflection.

We shall neglect the viscosity and assume that the velocities of the
two longitudinal and the transverse waves satisfy the inequalities

€y > €y > €y (2.13)

If the transverse wave hits the boundary, complete internal reflection
will take place when

3] Ct 'y
sinf; > = (2.14)
The angles 61 and 62 to be determined from the relations
sinf; = L gip 6;, sin 0, = % sin b, (2.19)

Gt t

then turn out to be complex, and the I longitudinal and the transverse
waves are nonhomogeneous waves, whose amplitudes decrease exponentially
with distance from the boundary. In the case of the incidence of a Il
longitudinal wave upon the boundary at an angle 6,, which satisfies the
condition

<31 Cy .

sin By > o (2.16)
the angle 6, will be complex and the I longitudinal wave will be nonhomo-
geneous.

3. Surface waves. We shall study the surface waves as a degenerate
case of the reflection of plane waves. To this end it 1s necessary, as
is well known [ 6 ], to let the amplitude of the incident wave approach
zero and the reflection coefficients approach infinity so that the ampli-
tudes of the reflected waves remain finite. Thus we obtain a wave process
that propagates along the boundary without an incident wave, i.e. we shall
have the case of a surface wave. According to (2.6) the reflection coeffi-
cients approach infinity under the condition

(Fy— L15F5) cos 20, + p (sin 20, — Ly, <in 20,) «in 26, = 0 3.1

At the outset we neglect the viscosity and thus we assume all coeffi-
cients to be real. We introduce the notation

/¢,

S = sin?%0,, g, = (—)2, 0 = (—T>2 (3.2)

v C1

Using the relations (sin 6,)/c, = (sin 6,)/c, = (sin 6,)/c,, we reduce
equation (3.1) to
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(1-—25}{1(1 — Z{L%wLm (K2—2:;%>:I+

+4,LS(~;;. q‘;‘_s—%yqz_sﬁm_szo (3.3)

Let us assume that condition (2.13) holds. It is necessary for the
existence of surface waves that equation (3.3) has a root S> 1. There
the sines of the angles 6,, 6,, and 6, will be greater than unity, and
the cosines purely imaginary, and consequently, the surface wave will
damp out exponentially with distance from the boundary. Along the bound-
ary it propagates without damping with a phase velocity

[4

o 3.4)
v=1% (3.4)
For S » =, the left-hand side of equation (3.3} reduces to
— 28 [Ky — p— Lo (Ko — pi)] (3.5)
and for S= 1 it is equal to
- 2p 5 2p
— (K== Lu (ke — )] (36

Thus equation (3.3) has at least one root S > 1, when expressions (3.5)
and (3.6) have opposite signs. If viscosity is taken into account, then
the corresponding root of equation (3.6) will be complex and consequently
also the phase velocity (3.4) will be complex. This indicates the presence
of damping of the surface wave in the direction parallel to the boundary,
which is caused by the dissipation of its energy due to viscosity.

In the limiting case of vanishing porosity, equation (3.3) goes over
into the well known equation describing the propagation of a surface wave
at the interface between a continuocus elastic medium and vacuum [ 6 ]:

N—=252 448V —S V1—S=0 (3.7)

In conclusion I would like to express my deep appreciation to Professor
V.L. German of the Khar'kov State University for his suggestion of dealing
with these problems and for his interest in the work.
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